Abstract. We give an explicit formula to express the weight of 2-reflective modular forms. We prove that there is no 2-reflective lattice of signature (2, n) when n ≥ 15 and n = 19 except the even unimodular lattices of signature (2, 18) and (2, 26). As applications, we give a simple proof of Looijenga's theorem that the lattice 2U ⊕ 2E 8 (−1) ⊕ −2n is not 2-reflective if n > 1. We also classify reflective modular forms on lattices of large rank and the modular forms with the simplest reflective divisors.
Introduction
Let M be an even lattice of signature (2, n). A non-constant holomorphic modular form for M is called reflective if the support of its divisor is actually contained in the union of quadratic divisors determined by reflective vectors of M . This type of modular forms first appeared in the works of Borcherds [1, 2] and GritsenkoNikulin [18] . They have many applications in various related topics, such as the classification of Lorentzian Kac-Moody algebras [19, 20, 22, 23, 28, 29] ; search of hyperbolic reflection groups [3] ; the theory of moduli spaces [16, 17, 24, 26] .
Reflective modular forms seem to be exceptional and very rare. The classification of reflective modular forms has been widely studied by several mathematicians. In 1996, Gritsenko and Nikulin first conjected that the number of lattices possessing reflective modular forms is finite [21] and gave a complete classification for n = 3 [20, 22] . Scheithauer gave a complete classification of reflective modular forms of singular weight on lattices of prime level [28, 29, 30, 31] . Looijenga [24] proved one part of the arithmetic mirror symmetry conjecture formulated in [21] , which might give a new approach to classify reflective modular forms. Recent work of Ma [26] showed that there are only finitely many lattices of signature (2, n) which carry a strongly reflective modular form that vanishes of order one along the reflective divisors when n ≥ 4.
The aim of this paper is to investigate 2-reflective modular forms which are the most basic class of reflective modular forms. A non-constant holomorphic modular form for M is called 2-reflective if the support of its zero divisor is contained in the Heegner divisor defined by the (−2)-vectors in M . The lattice M is called 2-reflective if it admits a 2-reflective modular form. In 2017, Ma [25] showed that there are only finitely many 2-reflective lattices of signature (2, n) with n ≥ 7 and there is no 2-reflective lattice when n ≥ 26 except the even unimodular lattice II 2,26 of signature (2, 26) . In this paper, we prove the following main theorem. Theorem 1.1. There is no 2-reflective lattice of signature (2, n) when n ≥ 15 and n = 19 except the even unimodular lattices of signature (2, 18) and (2, 26) .
Our approach is based on the Gritsenko-Nikulin representation of Borcherds products in terms of Jacobi forms [14, 20] . When M contains two integral hyperbolic planes (i.e. M = 2U ⊕ L(−1)), every 2-reflective modular form can be represented as a Borcherds product [5] . By means of the isomorphism between vector valued modular forms and Jacobi forms, there exists a weakly holomorphic Jacobi form of weight 0 and index L such that its Borcherds product gives the above 2-reflective modular form. Then the identity (Lemma 2.3) related to q 0 -term of Jacobi forms of weight 0 yields a formula expressing the weight of 2-reflective modular forms (Theorem 3.2). Furthermore, we can construct holomorphic Jacobi forms of weight 6 and weight 7 from the above Jacobi form of weight 0 by using the weight raising differential operators (Lemma 2.2). The existence of such Jacobi forms implies the non-existence of 2-reflective modular forms with respect to lattices of large rank. Our main theorem gives us a necessary condition for a lattice of signature (2, 19) being 2-reflective (Theorem 3.6). From this, we deduce that the interesting lattices T n := 2U ⊕ 2E 8 (−1) ⊕ −2n are not 2-reflective for n ≥ 2 (Theorem 3.9). Note that this question has been investigated in [22, 27] and the above result was first proved by Looijenga in [24] .
The above arguments can also be used to classify reflective modular forms. In section 4, we study reflective modular forms on lattices of prime level and show that such modular forms do not exist when the rank of lattice is big enough (Theorem 4.2, Theorem 4.6). In [25] , Ma showed that there is no reflective lattice of signature (2, n) with n ≥ 26 containing 2U except the even unimodular lattice of signature (2, 26) . As an extension of Ma's result, we conclude that there is no reflective lattice of signature (2, n) when n ≥ 23 except the scaling of II 2,26 (Theorem 4.8).
Our approach can be applied to some other questions. For instance, it provides us a straightforward way to classify the modular forms with the simplest reflective divisors, i.e. the dd-modular forms (see Section 5) . This gives a generalization of main results in [7, 15] (see Theorem 5.2).
The paper is organized as follows. In section 2 we introduce briefly Jacobi forms and differential operators. In section 3 we define 2-reflective modular forms and prove our main theorem. An application is also presented. In section 4 we classify reflective modular forms. Section 5 is devoted to the classification of dd-modular forms.
Preliminaries: Jacobi forms
In this section, some standard facts about Jacobi forms are reviewed. We refer to [8, 11] for more details. From now on, L always denotes an even positive-definite lattice with bilinear form (·, ·) and dual lattice L ∨ . The rank of L is denoted as rank(L). We define the Jacobi forms in the following way.
Definition 2.1. Let ϕ : H × (L ⊗ C) → C be a holomorphic function and k ∈ Z. If ϕ satisfies the functional equations
for any a b c d ∈ SL 2 (Z) and any x, y ∈ L and ϕ admits a Fourier expansion as
where n 0 ∈ Z, q = e 2πiτ and ζ l = e 2πi(l,z) , then ϕ is called a weakly holomorphic Jacobi form of weight k and index L. If ϕ further satisfies the condition f (n, l) = 0 =⇒ n ≥ 0 then ϕ is called a weak Jacobi form. If ϕ further satisfies the stronger condition
the vector space of weakly holomorphic Jacobi forms (resp. weak Jacobi forms, holomorphic Jacobi forms) of weight k and index L.
We recall the following weight raising differential operator, which will be used later. Such technique can also be found in [9] for the general case or in [10] for classical Jacobi forms. Lemma 2.2. Let ψ(τ, z) = a(n, l)q n ζ l be a weakly holomorphic Jacobi form of weight k and index L. Then H k (ψ) is a weakly holomorphic Jacobi form of weight k + 2 and index L, where
n is the Eisenstein series of weight 2.
The next lemma plays a key role in our discussions of the weight of 2-reflective modular forms and in the classification of dd-modular forms. It is a particular case of [14, Proposition 2.2] . We next give it a simple proof. Lemma 2.3. Assume that φ is a weakly holomorphic Jacobi form of weight 0 and index L with the Fourier expansion
Then the following identity is valid
Proof. From Lemma 2.2, it follows that H 0 (φ) is a weakly holomorphic Jacobi form of weight 2. Therefore H 0 (φ)(τ, 0) is a nearly holomorphic modular form of weight 2 for the full modular group SL 2 (Z). By [1, Lemma 9.2], H 0 (φ)(τ, 0) has zero constant term, which establishes the desired formula.
2-reflective modular forms
3.1. Non-existence of 2-reflective modular forms. Let M be an even integral lattice of signature (2, n), n ≥ 3, and let
be the associated Hermitian symmetric domain of type IV (here + denotes one of its two connected components). Let us denote the index 2 subgroup of the orthogonal
as the Heegner divisor of D(M ) generated by the (−2)-vectors in M . 
as the Heegner divisor of discriminant (λ, m). In particular, H = H(0, −1). Let π M ⊂ A M be the subset of elements of order 2 and norm −1/2. For each µ ∈ π M we abbreviate H(µ, −1/4) to H µ . Also, we set
Then we have the following decomposition . If M admits a 2-reflective modular form F of weight k, then its divisor can be written as
where β * are non-negative integers. By 
such that F is the Borcherds product of f . In view of the isomorphism between Jacobi forms and vector valued modular forms, there exists a weakly holomorphic Jacobi form φ L of weight 0 and index L with singular Fourier coefficients of the form (see [8] )
here and subsequently, R(L) denotes the set of 2-roots in L and
With the help of equation (3.6) and Lemma 2.3, we conclude the following theorem.
Theorem 3.2. Let L be a positive-definite even lattice and M = 2U ⊕ L(−1). Suppose that F is a 2-reflective modular form of weight k with the divisor of the form (3.4) . Then the weight k of F is given by the following formula 
L is a unimodular lattice of rank 16 or 24. Moreover, the weight of the corresponding modular form is
Proof. Firstly, the above formula is a direct result of Theorem 3.2. We note the modular form with the complete 2-divisor by F . Then there exists a weakly holomorphic Jacobi form of weight 0 and index
whose singular Fourier coefficients are
such that Borch(φ) = F . By [25] , it is known that rank(L) < 24 or L is a unimodular lattice of rank 24. Further assume rank(L) ≤ 23, and we construct following two Jacobi forms by the differential operators. For simplicity of notations, we write R = |R(L)| and n 0 = rank(L).
It is easy to see that
are holomorphic Jacobi forms of weight 4 and 6, respectively. Since the singular weight of holomorphic Jacobi form of index L is n0 2 , g = 0 if n 0 > 8 and h = 0 if n 0 > 12. By direct calculations, we have
• when R = 0, g = 0 if n 0 < 24.
• when R > 0, g = 0 if n 0 ≤ 14.
• when n 0 ≥ 15, g = 0 and h = 0 if and only if n 0 = 16 and R = 480. When n 0 = 16, from h = 0, it follows that the Fourier coefficients of φ satisfy: c(n, l) = 0 if 2n − (l, l) = 0 and l ∈ L. Therefore the following Jacobi form of singular weight 8
satisfies the same condition: a(n, l) = 0 if 2n − (l, l) = 0 and l ∈ L. We then obtain
and L has to be unimodular. The proof is completed.
Remark 3.5. It is worth pointing out that there exist lattices L which admit a modular form with the complete 2-divisor when 1 ≤ rank(L) ≤ 8 (see [23] ). The Igusa form χ 35 is a modular form with the complete 2-divisor.
We are going to generalize our method to prove the non-existence of 2-reflective modular forms in higher dimensions.
where
It is obvious that
is a holomorphic Jacobi form of weight 6, where
In view of the singular weight, ϕ 6 = 0 if rank(L) ≥ 13. From Remark 3.3, we know that if F exists then d = 2k ≥ rank(L) and β 0 > 0 when rank L ≥ 6. By direct calculations, when n 0 = 13 or 14, u = 0, which is impossible.
We next assume that 15 ≤ rank(L) ≤ 23. We construct •
of weight 75. Here, we construct Borcherds products from weakly holomorphic Jacobi forms of weight 0 (see [14] ). ϑ E8 is the theta series for the root lattice E 8 , which is a holomorphic Jacobi form of weight 4 and index E 8 . E 4,1 is the Jacobi-Eisenstein series of weight 4 and index 1 introduced in [10] .
We now consider the general case that M does not necessarily contain 2U .
Theorem 3.8. There is no 2-reflective lattice of signature (2, n) when n ≥ 15 and n = 19 except the even unimodular lattices II 2,18 and II 2,26 .
Proof. The proof is similar to the proof of [25, Proposition 3.1]. By [25] and [26] , we know 1) If M has a 2-reflective modular form, then any even overlattice M ′ of M has a 2-reflective modular form too.
2) One can choose an even overlattice M
′ of M such that M ′ contains 2U . We thus complete the proof by the above theorem.
3.2. Application: moduli of K3 surfaces. As an application, we consider the lattices (3.10)
where n ∈ N. The modular variety O + (T n )\D(T n ) is the moduli space of polarized K3 surfaces of degree 2n. The subset
is the discriminant of the moduli space. Nikulin [27] posed the question whether the discriminant is equal to the set of zeros of certain automorphic form. This question is equivalent to whether T n is 2-reflective. Nikulin showed that for any N there exists n > N such that T n is not 2-reflective. Gritsenko and Nikulin [22] proved that the lattices T n are not 2-reflective for big n. Finally, Looijenga [24] demonstrated that T n is not 2-reflective if n ≥ 2. As a direct consequence of Theorem 3.2 and Theorem 3.6, we present a pretty simple proof of the result. Proof. By Remark 3.7, T 1 is 2-reflective. By contradiction, we assume that T n is 2-reflective with n ≥ 2. On the one hand, by Theorem 3.2, the weight of the corresponding 2-reflective modular form is
On the other hand, Theorem 3.6 tells that k = 75β 0 , which leads to a contradiction. Hence T n is not 2-reflective when n ≥ 2.
Non-existence of reflective modular forms
Let M be an even lattice of signature (2, n), n ≥ 3. The level of M is the smallest positive integer N such that N (x, x) ∈ 2Z for all x ∈ M ∨ . A primitive vector l ∈ M of negative norm is called reflective if the reflection 
in the first case, and is contained in
in the second case.
Reflective modular forms of singular weight on lattices of prime level were completely classified by Scheithauer in [29, 31] . As another application of our arguments in the previous section, we attempt to classify reflective modular forms on lattices of prime level and large rank.
Let M = 2U ⊕ L(−1) be an even lattice of prime level p and F be a non-constant reflective modular form of weight k with respect to O + (M ). By [31, Section 6] , the divisor of F can be represented as
where π M,p ⊂ A M is the subset of elements of norm −2/p. By [5] , there exists a nearly holomorphic modular form with principal part
Then there exists a weakly Jacobi form of weight 0 with singular Fourier coefficients
Then the q 0 -term of ψ L can be written as
Thus, we get a formula related to the weight of the above reflective modular form
It is possible to find a similar formula on the weight of reflective modular forms for general lattices 2U ⊕ L(−1). We also construct Suppose g = 0. Then the weakly Jacobi form g corresponds to a nearly holomorphic vector valued modular form
of weight 4 − n 0 /2. It is clear that F 0 = 0 is a nearly holomorphic modular form of weight 4 − n 0 /2 with respect to Γ 0 (p). As in the proof of [31, Proposition 6.1], the Riemann-Roch theorem applied to F 0 gives
This implies
It remains to prove that M is not reflective if n 0 = 14 and p = 3. But in this case, u = 0 and then ϕ 6 = 0, which gives a contradiction. The proof is completed.
Note that when rank(L) = 16 and p = 2, we have u ≡ 0. Therefore, our argument cannot determine the weight of the corresponding reflective modular form.
Remark 4.3. The rank of an even positive-definite lattice of level 2 is known to be divisible by 4 (see [32] ). If L is an even positive-definite lattice of level 3 and of rank n and with determinant det(L) = |L ∨ /L| = 3 r , then either r ∈ {0, n} and 8|n, or 0 ≤ r ≤ n and 2r ≡ n mod 4. Thus, by the above theorem, the rank of L can only take 4, 8, 12, 16, 20 when p = 2. The rank of L is even when p = 3. We note that there exist reflective lattices of such ranks. When
is of level 2 and admits a reflective modular form.
is of level 3 and admits a reflective modular form.
By the above theorem and the weight formula (4.5), it is easy to prove the following criterions. The above result can be used to judge whether a given lattice is reflective or not. For instance, we see at once that 2U ⊕L(−1) is not reflective when L = E 8 (2)⊕3D 4 or 2E 6 ⊕ 3A 2 .
We next extend the above classification results to the general case. The following lemma introduced in [26, Corollary 3.2] is very useful for our purpose.
Lemma 4.5. Let M be a lattice of signature (2, n) with n ≥ 11. There exists a lattice
and that M 1 is a scaling of an even lattice M 2 containing 2U . Theorem 4.6. There is no reflective lattice of signature (2, n) and of level 2 when n > 22 except II 2,26 (2); There is no reflective lattice of signature (2, n) and of level 3 when n ≥ 16 and n = 20 except II 2,18 (3) and II 2,26 (3); There is no reflective lattice of signature (2, n) and of prime level p ≥ 5 when n > 10 + 24/(p + 1) except II 2,18 (p) and II 2,26 (p).
Proof. Conversely, suppose that M is a reflective lattice of signature (2, n) and of prime level p. Let F be a reflective modular form for M . In our case, we have n ≥ 11. By Lemma 4.5, there exists an even overlattice
and that M 1 is a scaling of an even lattice M 2 containing 2U .
In the first case, if
, F is a reflective modular form for M 1 , contrary to Theorem 4.2. Next assume that M 1 is unimodular. By Theorem 3.4, F is not a 2-reflective modular form for M . Therefore, there exists a primitive vector l ∈ M satisfying (l, l) = −2p and div(l) = p. Then the reflection σ l belongs to O + (M ) and then it also belongs to O + (M 1 ). Since M 1 is unimodular and l is primitive in M 1 , there exists a vector
In the second case, there exists an even lattice M 0 < M 2 such that M = M 0 (p). As M is of level p, it follows that M 0 is unimodular. Thus, the theorem is proved. Proof. Let M be an even lattice of signature (2, n) with n ≥ 23. Firstly, we assume that M contains 2U. On the contrary, suppose that M is reflective. Similarly, there exists a weakly Jacobi form φ of weight 0 and we can construct a weakly Jacobi form f 4 of weight 4 from φ. We define g = E 4 φ − f 4 . From (4.6), we claim g = 0. Then η 12 g is a holomorphic Jacobi form of weight 10 with character, which leads to a contradiction. Now consider the general case that M does not necessarily contain 2U . We can assume that M is not a scaling of any even lattice and F is a reflective modular form for M . By Lemma 4. (II 2,26 ), all reflective modular forms for M are not Borcherds products. We believe that there is no such M . By [5] , M is not of type U ⊕ U (N ) ⊕ L(−1). Therefore, the above case is insignificant for application. In fact, Scheithauer defined reflective modular forms as Borcherds products with reflective divisors in his series of articles. 
But we do not know if there exists reflective lattice 2U ⊕ L(−1) with rank(L) = 15 or 19.
Questions 4.11. We formulate many unsolved questions related to this paper.
(1) Are there 2-reflective lattices of signature (2, 13) or (2, 14)? (2) Are there reflective lattices of signature (2, 17) or (2, 21) ?
be a 2-reflective lattice of signature (2, 19) . Is L equal to 2E 8 ⊕ A 1 up to isomorphism? Classify 2-reflective lattices of signature (2, 19) , reflective lattices of signature (2, 22) and of level 2, reflective lattices of signature (2, 20) and of level 3.
A further application: dd-modular forms
Our arguments in the previous section are also applicable to some other questions. In this section we use the similar arguments to classify the modular forms with the simplest reflective divisors, i.e. the dd-modular forms defined in [7] .
Let nA 1 denote the lattice of n copies of A 1 = 2 , n ∈ N. Let {e 1 , ..., e n } denotes the standard basis of R n with standard scalar product (·, ·). We choose the following model for the lattice nA 1 (m):
and the definition of dd-modular forms is as follows.
Definition 5.1. A holomorphic modular form with respect to Γ n,m is called a ddmodular form if it vanishes exactly along the Γ n,m -orbit of the diagonal {z n = 0}. The Γ n,m -orbit of the diagonal {z n = 0}, denoted by Γ n,m {z n = 0}, is called the diagonal divisor.
It is well known that the Igusa form ∆ 5 which is the product of the ten even theta constants vanishes precisely along the diagonal divisor {z = 0}. Therefore, the dd-modular form is a natural generalization of ∆ 5 . Gritsenko and Hulek [15] proved that the dd-modular form exists for the lattice A 1 (m) if and only if 1 ≤ m ≤ 4. Cléry and Gritsenko [7] developed the arguments in [15] and gave the full classification of the dd-modular forms with respect to the Hecke subgroups of the Siegel paramodular groups. But their approach is hard to generalize to higher dimensions. dd-modular forms are crucial in determining the structure of the fixed space of modular forms and have applications in physics. As an important application of our arguments, we prove the following classification results for all ddmodular forms. Proof. Suppose that F c is a modular form of weight k with respect to Γ n,m with the divisor c · Γ n,m {z n = 0}, where c is the multiplicity of the diagonal divisor and it is a positive integer. The diagonal divisor Γ n,m {z n = 0} is the union of the primitive Heegner divisors P(±e i /(2m), −1/(4m)), 1 ≤ i ≤ n, where the primitive Heegner divisor of discriminant (µ, d) is defined as
It is clear that we have P (µ, y) = H (µ, y) − When m = 5, we only need to consider the case of c = 5, and we obtain the unique solution (5, 1, 1) . But the unique weak Jacobi form of weight 0 and index 5 for A 1 is ψ (1) 0,5 = 5ζ ±1 + 2 + q(−ζ 5 + · · · ) (see [12] ). The corresponding Borcherds product is not holomorphic, that is, F c does not exist in the case. We have thus proved the theorem. 1) (A 3 , 1) (A 4 , 1) (A 5 , 1) (A 6 , 1) (A 7 , 1) Note that all dd-modular forms in Theorem 5.2 and in the above list do exist and can be found in [7, 13, 20, 23] .
